
!"#$%&'!$()(*+(#,-$.)/#*$-#/012+)($.#2")/$,(/$+23$
,44*+1,2+)($2)$50+/$/6(,.+13$4-)7*#.3

8#9+($:,-*7#-;<$=0*+#($:)-2+,*<$>,9+/$'.3,**#.<$?,22$@,"-<$
A$:",-7#*$B,-",2

C2"$'D''$!"#)-#2+1,*$B*0+/$?#1",(+13$:)(E#-#(1#
=0(#$FG<$FHII



B,32J20-(,-)0(/$/#3+;(

K)0-1#L$.3M2)6)2,M1)MN4

2OPF%&'!$()(*+(#,-$.)/#*$-#/012+)(

:,-$34##/

>)Q(E)-1#

>+32,(1#

2

๏ '($%L$.,(6$-,4+/$,(,*63#3$)*+,-.$3#,3)($R)(*+(#S
๏ /00(+"*-,"1L$1)32*6$,(,*63#3$2!3(+!$3#,3)($R)T+(#S

8M$:,-*7#-;$!"#$%&



UT+(#O)(*+(#$VU?$32-,2#;6

76289%&,
๏2/!4#-.2:#;<%&%&(=2<&<-.4,42>%#'2222222222222222
'%(')*+,-%#.23!+,-

๏2/!--,@#24&<$4'!#4
๏ A"%-+2;,+"@,+)!;+,;23!+,-

?%(')*+,-%#.2<&<-.4,4

!"
#$
"#

%&$"#

'%(')*+,-%#.
/0123!+,-%&$"#425*6 !"#$"#42546

3OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



UT+(#O)(*+(#$VU?$32-,2#;6

B628&-%&,
๏ C<$%+2<&<-.4,42>%#'2
2222;,+"@,+)!;+,;23!+,-25C8D6

76289%&,
๏2/!4#-.2:#;<%&%&(=2<&<-.4,42>%#'2222222222222222
'%(')*+,-%#.23!+,-

๏2/!--,@#24&<$4'!#4
๏ A"%-+2;,+"@,+)!;+,;23!+,-

?%(')*+,-%#.2<&<-.4,4
C8D2<&<-.4,4

!"
#$
"#

%&$"#

;,+"@,+)!;+,;
3!+,-%&$"#425*6 !"#$"#42546

3OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



๏ E&#;!+"@#%!&
๏ F<"44GH,>#!&2>%#'2I$$;!J%3<#,+2K,&4!;425FHIK6
๏ L<3$-,23,4'
๏ MJ<3$-,4

U02*+(#

4 OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



๏ E&#;!+"@#%!&
๏ F<"44GH,>#!&2>%#'2I$$;!J%3<#,+2K,&4!;425FHIK6$W:,-*7#-;$!"#$%&<$FHIIX
‣ I$$;!<@'
‣ N;!O,@#%!&
‣ K,&4!;2<$$;!J%3<#%!&

๏ L<3$-,23,4'
๏ MJ<3$-,4

U02*+(#

5 OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



7P /!&4%4#,&@.Q2%&2#',2-%3%#2!R2-(#5(60+!77,(-S2,J<@#-.2;,$;!+"@,2#',2
$;,T%!"423!+,-U424!-"#%!&2<#2#;<%&%&(2%&$"#4

BP 8$#%3<-%#.Q23%&%3%V,2,;;!;2!T,;2<$$;!J%3<#%!&24$<@,
+28#0+,(+,#@!&T,;(,&@,Q2,;;!;2+,@;,<4,423!&!#!&%@<--.2<424$<@,2,J$<&+42

EP20"--)!;+,;23!+,-

EEP2C,+"@,+)!;+,;23!+,-

EEEP2C,+"@,+)!;+,;23!+,-2>%#'2#,&4!;2<$$;!J%3<#%!&Q2FHIK

4&<$4'!#2@!--,@#%!&

@!3$;,44%!&

$;!O,@#%!&25;,+"@,2+%3,&4%!&6

#,&4!;2<$$;!J%3<#%!&25;,+"@,2@!3$-,J%#.6

!9
%&
,

!&
-%&

,
?)/#*$"+#-,-1"6

@!3$;,44%!&

4&<$4'!#2@!--,@#%!&

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF68M$:,-*7#-;$!"#$%&



R(y) = 0

N<;<3,#,;%V,+2N1M

N<;<3,#,;%V,+281M

2H!&-%&,<;24.4#,342!R2,W"<#%!&42<#2
,<@'2#%3,24#,$2-

B0**6$/+31-#2#$E-,.#Q)-Y

+ 0;<3,>!;X2%42(,&,;<-S2,&<Y-,42!$#%3<-2$;!O,@#%!&25$,;2#%3,24#,$6
- Z,442@!&T,&%,&#Q2C8D2&!#2<&281M

N<;<3,#,;%V,+2+%4@;,#,24.4#,3

7!6,9),75+!",4$",(-

,60%,5,"#",6!#,-"!.+$",(-

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF78M$:,-*7#-;$!"#$%&



๏ E&#;!+"@#%!&
๏ F<"44GH,>#!&2>%#'2I$$;!J%3<#,+2K,&4!;425FHIK6
‣ I$$;!<@'2
‣ N;!O,@#%!&
‣ K,&4!;2<$$;!J%3<#%!&

๏ L<3$-,23,4'
๏ MJ<3$-,4

U02*+(#

8 OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



Z-)N#12+)(

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF

22

BP/!3$;,44%!&

<P @!3$"#,24%&("-<;2T<-",2+,@!3$!4%#%!&2

YP #;"&@<#,2#!2!Y#<%&2N812Y<4%4

[: ; <=Σ

89%&,

7P /!--,@#2@!&4%4#,&#24#<#,24&<$4'!#4

9
!"

#$
"#
24

%&$"#2*

Φy;

[:

8M$:,-*7#-;$!"#$%&



Z-)N#12+)(

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF

22

BP/!3$;,44%!&

<P @!3$"#,24%&("-<;2T<-",2+,@!3$!4%#%!&2

YP #;"&@<#,2#!2!Y#<%&2N812Y<4%4

[: ; <=Σ

89%&,

7P /!--,@#2@!&4%4#,&#24#<#,24&<$4'!#4

9
!"

#$
"#
24

%&$"#2*

Φy

[:

8M$:,-*7#-;$!"#$%&



Z-)N#12+)(

10OPF

>5162[2\

1$]21H$^2_11+2

] ^

;,+"@,2`2"&X&!>&4 3%&%3%V,2;,4%+"<-

‣24!-T,2Y.2F<"44GH,>#!&23,#'!+

y = arg min
x∈y0+range(Φy )

�R(x)�2

!"
#$
"#
24

%&$"#2*

+ 2Z,<4#)4W"<;,42!$#%3<-2<#2,<@'2#%3,24#,$
๏ C,W"%;,42R"--.2+%4@;,#,2R;<3,>!;X
๏ L%3%-<;2%+,<4Q$[0+J!",("$!"#$%M<$FHH\]$^#;-#3*#6$,(/$'*)(3)<$FHHI]$:)(32,(2+(#$!"#$%&<$FHII

%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



=

๏2K%,;2EE2%#,;<#%!&42<;,

[)22*#(#1Y

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF118M$:,-*7#-;$!"#$%&



=

๏2K%,;2EE2%#,;<#%!&42<;,

[)22*#(#1Y

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)

ΦyJ(k) R(k)

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF118M$:,-*7#-;$!"#$%&



J(k)Φy

=

๏2K%,;2EE2%#,;<#%!&42<;,

[)22*#(#1Y

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)

R(k)

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF118M$:,-*7#-;$!"#$%&



J(k)Φy

=

๏2K%,;2EE2%#,;<#%!&42<;,

[)22*#(#1Y

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)

R(k)

[J(k)Φy ]
T[J(k)Φy ]

T

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF118M$:,-*7#-;$!"#$%&



=

๏2K%,;2EE2%#,;<#%!&42<;,

-28$,;<#%!&424@<-,2>%#'2?#5,J$,&4%T,6

[)22*#(#1Y

[J(k)Φy ]
T [J(k)Φy ]p

(k) = −[J(k)Φy ]
TR(k)

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF118M$:,-*7#-;$!"#$%&



๏ E&#;!+"@#%!&
๏ F<"44GH,>#!&2>%#'2I$$;!J%3<#,+2K,&4!;425FHIK6
‣ I$$;!<@'
‣ N;!O,@#%!&2
‣ K,&4!;2<$$;!J%3<#%!&

๏ L<3$-,23,4'
๏ MJ<3$-,4

U02*+(#

12OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



7P2/!--!@<#%!&
-2!3%#423<&.2,-,3,&#4
‣2F<-,;X%&2$;!O,@#%!&$W'32-+/<$FHH`X

‣2-,<4#24W"<;,42W^#%-#3*#6$,(/$'*)(3)<$FHHIX

:).4*#_+26$-#/012+)($76$E0(12+)($3,.4*+(;

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF13

BP20"&@#%!&2;,@!&4#;"@#%!&
+2<$$;!J%3<#,42,&#%;,2T,@#!;
‣2>R@S∈;<&(,5_162W'32-+/$!"#$%MA#FHHa]<$[)3$!"#$%&<$FHH`X

‣2:+%4@;,#,2,3$%;%@<-2%&#,;$!-<#%!&=2W:",20-,(2,702$!"#$%M<$FHIH]$%,*7,**6$!"#$%M<FHIHX
‣2FHIK2W:,-*7#-;$!"#$%M<$FHIHX
+2!&-.2@!&4%4#,&#23,#'!+

>R@S2[

>R@S2[

>̂R@S2[

>̃R@S2[

8M$:,-*7#-;$!"#$%&



BR@S$_1$]2_B#B+R@S2

]

>R@S$]2_>#>+
R@S

]

๏2/!&4%4#,&@.2

‣2_>S2_B2@!3$"#,+2!9%&,2Y.2N812>%#'24$,@%*@24&<$4'!#4

๏228$#%3<-%#.2

‣2>+
R@SS2B+R@S2@!3$"#,+2!&-%&,2Y.2:F<$$.2N81=

‣2;,W"%;,42@!3$"#%&(2!&-.2<2R,>2;!>42!R2;,4%+"<-ab<@!Y%<&

%&'!L$!#(3)-$,44-)_+.,2+)(

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF148M$:,-*7#-;$!"#$%&



๏ E&#;!+"@#%!&
๏ F<"44GH,>#!&2>%#'2I$$;!J%3<#,+2K,&4!;4
๏ L<3$-,23,4'
๏ MJ<3$-,4

U02*+(#

15OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



K,.4*#$.#3"$1)(1#42

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF16

๏ /-%,-!#.($%4Q
‣ 3%&%3%V,2@!3$"#%&(2@!;,4
‣ 3%&%3%V,2@!33"&%@<#%!&2!T,;',<+
‣ 3%&%3%V,2@!3$"#<#%!&<-2@!3$-,J%#.
‣ ;,"4,2,J%4#%&(2@!+,425+<#<24#;"@#";,4S2,#@P6

๏ /27!+C$",(-Q2FHIK2;,W"%;,42!&-.2<2R,>2;!>42!R2;,4%+"<-ab<@!Y%<&
๏ 800+($5DQ2(,&,;<#,2<23%&%3<-2@!3$"#<#%!&<-23,4'

8M$:,-*7#-;$!"#$%&



K,.4*#$.#3"$1)(32-012+)(

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF17

7P L<3$-,2&!+,4Q2@!3$"#,2>R@S2<&+2BR@S$_12R!;2<--2@!&4,;T,+2T<;%<Y-,4
‣ 4,,2$<$,;2R!;24<3$-,2&!+,24,-,@#%!&2<-(!;%#'3

BP H,%('Y!;2&!+,4Q2@!3$"#,24#<#,
cP d!-"3,4
eP A!"&+<;.2,+(,42<&+2R<@,4
fP 8#',;25,P(P2&!+,2+%4#<&@,42R;!32#',2><--6

8M$:,-*7#-;$!"#$%&



:).402+(;$)024023

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF18

7P;,<+2N812@!,g@%,&#421+2@!3$"#,+2Y.2FHIK

BP2<44,3Y-,24!-"#%!&2!&23%&%3<-2$!4#)$;!@,44%&(23,4'

cP@!3$"#,2!"#$"#4

๏ /27!+C$",(-7Q2
‣ !"#$"#42<;,2!R#,&2+,*&,+2-!@<--.2%&24$<@,25,P(P2-%R#a+;<(6
‣ !"#$"#423<.2&!#2Y,2@!3$"#<Y-,2!&24<3$-,23,4'

๏ E(7"90+(5!77,-.#7"!0Q

8M$:,-*7#-;$!"#$%&



๏ E&#;!+"@#%!&
๏ F<"44GH,>#!&2>%#'2I$$;!J%3<#,+2K,&4!;4
๏ L<3$-,23,4'
๏ MJ<3$-,4
‣ I'3,+2Y!+.2$;!Y-,3
‣ A";(,;4U2,W"<#%!&25$;,+%@#%T,6

U02*+(#

19OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



[#(1".,-YL$'".#/$7)/6

๏ /!3$;,44%Y-,2H<T%,;)L#!X,425*&%#,2T!-"3,6

‣ C,2[2ePeh2J27\C

‣ Fb2[2\P7if257ce23$'62
‣ c)$!%&#2A102#%3,2%&#,(;<#%!&
‣ /0Z[B\\\
‣ L#,<+.)4#<#,2%&%#%<-2@!&+%#%!&

20OPF

db
‣ 1ML2#";Y"-,&@,23!+,-
‣ C,%@'<;+#U42><--2-<>
‣ de2+%44%$<#%!&24@',3,
‣ B(/2!;+,;2j"J2;,@!&4#;"@#%!&

%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



'".#/$7)/6$.#3"

‣ BPhk2J27\C2&!+,4S27Pi\2J27\G2#,#;<',+;<-2T!-"3,4
‣ 7Pic2J27\G2+,(;,,42!R2R;,,+!325+!R6

21OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&



c,*+/,2+)(

OPF%&'!$()(*+(#,-$.)/#*$-#/012+)( 8M$:,-*7#-;$!"#$%&
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%&'!$.)/#*

๏ N812Y<4,4
‣ -1[Bhc
‣ ->[-B[7f7e

๏ L<3$-,23,4'
‣ cih24<3$-,2&!+,425\P\7l6
‣ 7iX2&!+,425\Pfkl6
‣ fmX2,-,3,&#425\Pccl6

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF238M$:,-*7#-;$!"#$%&
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%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF24
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8M$:,-*7#-;$!"#$%&
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08D ) ) f7B 7cPc )

FHIK \ iPecl e iPci Bc7
FHIK 7 \Pmhl e cPhh ech

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF24

๏2@!&4%4#,&@.2%3$;!T,42$,;R!;3<&@, ๏24<3$-,23,4'2;,+"@,42`2@!;,4
8M$:,-*7#-;$!"#$%&



de#12$)E$f$3,.4*#$()/#3

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF25

Bfc24<3$-,2&!+,4 cih24<3$-,2&!+,4

f\f24<3$-,2&!+,4

8M$:,-*7#-;$!"#$%&



de#12$)E$f$3,.4*#$()/#3

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF26

-1[Bhcn2->[-B[7f7e

`24<3$-,2
&!+,4

<T,;<(,2`2H,>#!&2
%#,;<#%!&42$,;2
#%3,24#,$

;,-<#%T,2,;;!; 4$,,+"$2%&2
@$"2;,4!";@,4

Bfc ePe \Pikl efB

cih BPh \Pmhl ech
f\f BPc \Pifl e\c

๏2I++%&(24<3$-,2&!+,4
+ %3$;!T,42@!&T,;(,&@,

8M$:,-*7#-;$!"#$%&



de#12$)E$f$3,.4*#$()/#3

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF26

-1[Bhcn2->[-B[7f7e
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%#,;<#%!&42$,;2
#%3,24#,$

;,-<#%T,2,;;!; 4$,,+"$2%&2
@$"2;,4!";@,4

Bfc ePe \Pikl efB

cih BPh \Pmhl ech
f\f BPc \Pifl e\c

๏2I++%&(24<3$-,2&!+,4
+ %3$;!T,42@!&T,;(,&@,
- 3!;,2,J$,&4%T,2$,;2%#,;<#%!&

8M$:,-*7#-;$!"#$%&



de#12$)E$f$3,.4*#$()/#3

%&'!$()(*+(#,-$.)/#*$-#/012+)( OPF26

-1[Bhcn2->[-B[7f7e
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Bfc ePe \Pikl efB

cih BPh \Pmhl ech
f\f BPc \Pifl e\c

๏2I++%&(24<3$-,2&!+,4
+ %3$;!T,42@!&T,;(,&@,
- 3!;,2,J$,&4%T,2$,;2%#,;<#%!&
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